We have investigated the second-order nonlinear susceptibility in self-assembled quantum dots. The nonlinear susceptibility associated with intraband transitions in the conduction band and in the valence band is theoretically estimated for lens-shaped InAs/GaAs self-assembled quantum dots. The confined energy levels in the dots are calculated in the effective-mass approximation by solving the three-dimensional Schrödinger equation. Giant values of nonlinear susceptibility, about six orders of magnitude larger than the bull GaAs susceptibility, are predicted. We show that this enhancement results from three key features: ͑i͒ the achievement of the double resonance condition, ͑ii͒ the specific polarization selection rules of intraband transitions that allow both in-plane and z-polarized transitions with large dipole matrix elements to be optically active, and ͑iii͒ the small homogeneous linewidth of the intraband transitions. The conclusions of the calculations are supported by the measurement of the midinfrared nonlinear susceptibility in the valence band. The measurements have been performed using a picosecond free-electron laser. Both zzz (2) and zxx (2) components of the susceptibility tensor are observed. A satisfying agreement is found between theoretical and experimental values.
I. INTRODUCTION
Midinfrared second-order nonlinear susceptibilities in semiconductor heterostructures have attracted a strong interest in the recent years. Most of the work has been devoted to the nonlinearities associated with intersubband transitions in quantum wells. Two factors can explain the enhancement of the nonlinear susceptibility in two-dimensional heterostructures by comparison with bulk semiconductors: ͑i͒ the large dipole matrix elements associated with intersubband transitions;
1 ͑ii͒ the tailoring of the intersubband energies allowed by adjusting the quantum-well thicknesses. This feature allows the achievement of double resonance conditions ͑i.e., resonance between the energy of the pump and harmonic beams and the energy of the intersubband transitions͒ in asymmetric structures. The first demonstration of nonlinearity associated with intersubband transition was reported by Fejer et al. 2 with the observation of second-harmonic generation at a wavelength close to 10 m. Many other nonlinearities have been later demonstrated, including thirdharmonic generation 3 and optical rectification. 4 Most of the experimental demonstrations were obtained using intersubband transitions in the conduction band of GaAs-or InPbased quantum wells. One drawback of using the conduction-band intersubband transition is related to the polarization selection rule, which implies that only transitions polarized along the z growth axis are optically active. Shaw et al. 5 have considered the case of valence-band intersubband transitions where the polarization selection rule is relaxed because of valence-band mixing between heavy-and light-hole states. Although experimental evidence of secondharmonic generation has been reported, the nonlinear susceptibility was only slightly enhanced as compared to the bulk GaAs nonlinear susceptibility. Midinfrared second-harmonic generation has also been demonstrated in the valence band of SiGe/Si quantum wells, 6 but the involved intersubband transitions were z-polarized, as is the case for conduction-band intersubband transitions.
Semiconductor quantum dots appear as promising candidates to achieve large nonlinear susceptibilities. The quantum dots grown by the self-assembled growth technique have a naturally asymmetrical shape that provides the required symmetry breaking to observe second-order nonlinear susceptibility. By analogy with intersubband transitions, the dipole matrix elements associated with quantum-dot intraband transitions ͑also called intersublevel transitions in the literature͒ can be large, with typical dipole matrix element ranging from a fraction of a nanometer to a few nanometers. 7 However, the polarization selection rules for the quantum-dot intraband transitions differ from the polarization selection rules associated with intersubband transitions as a consequence of the three-dimensional potential confinement. Both in-plane polarized and z-polarized intraband transitions can be optically active in the conduction band and in the valence band of the quantum dots. This feature provides additional flexibility for realizing the resonance conditions, including the double resonance, between the pump and harmonic fields and the intraband transitions, which in turn leads to very large nonlinear susceptibilities in the midinfrared region. Moreover, it implies in turn that second-harmonic generation can be observed in quantum dots for a normal incidence light excitation. Another specific feature associated with the quantum dot is related to the optical coherence. In isolated threedimensionally confined nanostructures with a ␦-like density of states, one expects the dephasing mechanisms to be dominated by the dephasing associated with energy relaxation. 8 The dephasing rate of the optical coherence is therefore given by 1/T 2 ϭ⌫/2, where ⌫ is the recombination rate associated with energy relaxation processes ͑i.e., phononassisted, Auger-mediated relaxation processes, etc.͒. Because of the slowing of the relaxation in quantum dots, 9 the lifetime-broadened intraband transitions are therefore expected to exhibit very narrow linewidths. Since, at double resonance, the second-order susceptibility is inversely proportional to the square of the homogeneous broadening, this feature can lead to very large values of the susceptibility. Note that this lifetime broadening mechanism is under debate. Li and Arakawa have suggested that in small quantum dots, the homogeneous linewidth is given by the lattice relaxation, i.e., the change of the lattice configuration induced by the different electronic states. 10 The purpose of this paper is to show that record values of second-order nonlinear susceptibilities can be achieved using quantum-dot intraband transitions. To demonstrate this effect, the chosen model system corresponds to the standard Stranski-Krastanow InAs/GaAs self-assembled quantum dots. 11 Although the presented results are directly connected to the shape and composition of the quantum dots, similar features are expected to occur for other types or shapes of quantum dots. The quantum-dot energy levels are first calculated in the effective-mass approximation by solving the three-dimensional Schrödinger equation. 12 Then, the secondorder nonlinear susceptibility is computed both in the conduction and in the valence band from the calculated energy dependence of the confined levels versus the quantum-dot size. A microscopic description, based on the allowed optical transitions, is given for the nonlinear optical processes. The angular dependence of the susceptibility is investigated. Giant nonlinear susceptibilities are predicted in the conduction band and in the valence band. This enhancement over the bulk response results from the achievement of resonance conditions with the intraband transitions polarized along different directions. The calculated susceptibility values are finally compared to the experimental values measured in the valence band of InAs/GaAs self-assembled quantum dots. The amplitude and the spectral dependence of the nonlinear susceptibility were measured with a free-electron laser. The angular dependence of the susceptibility was also investigated. A satisfying agreement with regard to amplitude, spectral dependence, and polarization is obtained between the theoretical and the experimental nonlinear susceptibilities. Experimentally, it is found that the amplitude of the nonlinear susceptibility of a single quantum-dot layer is enhanced by three orders of magnitude over the bulk GaAs nonlinear susceptibility. Although we could not observe the highest values of nonlinear susceptibilities that are predicted, the experimental observation of the second-order susceptibility for different polarizations gives strong support to our predictions.
The paper is organized as follows: Section II presents the energy-level calculation in the lens-shaped self-assembled quantum dots. The numerical simulations for the secondorder nonlinear susceptibility are presented in Sec. III. The midinfrared nonlinear susceptibilities are evaluated for conduction-and valence-band intraband transitions. The dominant components of the susceptibility tensor are calculated as a function of the energy for various dot size distributions. The experimental measurement of the nonlinear susceptibility associated with valence-band intraband transitions is described in Sec. IV. The spectral dependence of the nonlinear susceptibility is investigated for two incident electric field polarizations. A comparison between the theoretical and experimental nonlinear susceptibilities is finally presented in Sec. V.
II. THEORY

A. Energy-level calculation
The calculation of confined energy levels in semiconductor quantum dots has been reported by several authors. Different methods have been applied to describe the energy states of self-assembled quantum dots, including single-band effective-mass calculation, 13-15 k•p calculations including multiple bands, [16] [17] [18] [19] and pseudopotential theory. 20 The comparison between the energies predicted by these calculations and the experimental data is, however, limited by the exact knowledge of the quantum-dot shape, size, distribution, and composition. Although several methods, including crosssection transmission electronic microscopy or scanning tunneling microscopy 21 on cleaved edge, have been used to tackle these issues, some uncertainty remains on the exact quantum-dot shape, size, composition, and strain relaxation. Besides, the inhomogeneous broadening associated with the dot size distribution along with the dispersion observed from layer to layer in stacked structures usually limits the comparison accuracy between theoretical and experimental data.
In order to investigate the second-order nonlinear susceptibility associated with the intraband transitions, we have used a single-band effective-mass calculation to evaluate the energy of the confined levels as a function of the quantumdot size. Though the effective-mass approach exhibits some significant deviation from more sophisticated calculations, previous studies have shown that this single-band model provides a coherent interpretation of the experimentally observed intraband transitions ͑polarization selection rule, dipole matrix elements͒. 22 We underline that the purpose of this article is to provide a guideline to predict the magnitude and polarization dependence of the second-order nonlinear susceptibilities in the quantum dots. An accurate description of the quantum-dot states and in particular of their energy, which would require a multiband k•p calculation or a pseudopotential calculation, is beyond the scope of this paper. Meanwhile, the accuracy of these calculations is intrinsically limited by the exact knowledge of the quantum-dot shape and composition. As will be shown below, a satisfying agreement is found between the experimental data and the theoretical predictions based on the single-band effectivemass approximation. This feature does not rule out a contribution of valence-band mixing effects to the nonlinear susceptibilities. Though beyond the scope of this paper, a comparison of the nonlinear susceptibilities predicted by the single-band model and k•p models would be interesting.
The average strain in the quantum-dot layer has been taken into account through band-offset and effective-mass modifications. In the conduction band, the band offset between InAs and GaAs is taken equal to 600 meV. In the valence band, the band offset is taken equal to 450 meV. The effective mass is considered as isotropic in the conduction band ͓m e ϭ0.04m 0 , 16 where m 0 is the bare electron mass͔, whereas it is decoupled between the z growth axis and the layer plane in the valence band ͑m z ϭ0.59m 0 , m x,y ϭ0.07m 0 ͒. 12, 22 Only the heavy-hole states are considered in the valence band, the light-hole states lying close the valence-band edge. The strain inhomogeneity has been ignored. The dipole matrix element d i j for an intraband transition between state E i ͑wave function i ͒ and state E j ͑wave function j ͒ is defined as d i j ϭ͗⌿ j ͉r͉⌿ i ͘. All the dipole matrix elements between the different transitions are calculated numerically.
The calculation is performed for a lens-shaped quantumdot geometry that is close to the experimental geometry of the studied quantum dots as observed by transmission electron microscopy. 23 The quantum dot is defined as a truncated sphere cut by an horizontal plane. The quantum dot lies on a 0.5-nm two-dimensional ͑2D͒ layer, which corresponds to the InAs wetting layer. The quantum-dot parameters are given by the quantum-dot height h ͑distance between the bottom of the wetting layer and the top of the truncated sphere͒ and the quantum-dot diameter D. We have assumed a direct correlation between the quantum-dot height and the quantum-dot diameter. The single-particle energy levels are calculated as a function of the quantum-dot height for a fixed aspect ratio ͑height/diameter͒. Figure 1 shows the confined energy states in the conduction band as a function of the quantum-dot height. For a typical quantum-dot height of 2.5 nm, only six levels are bound in the conduction band. Above 560 meV, the confined states are hybridized with the continuum associated with the two-dimensional wetting layer states. The ground state is an s-like state. The first excited state e 2 is doubly degenerate ͑p-like state͒ and results from the in-plane confinement. The e 4 ,e 5 ,e 6 states, which are very close in energy, also correspond to excited states associated with in-plane confinement. 24 The intraband transition between the ground and the first excited state is in-plane polarized ͑3.2 nm dipole length͒ whereas the intraband transition involving the e 1 and e 6 states is z polarized ͑0.15 nm dipole length͒. This polarization selection rule is a consequence of the coupling between the z direction and the in-plane direction because of the lens-shaped geometry of the quantum dots. The same transition is forbidden in a cubic quantum box with infinite barrier potentials. The dipole matrix element between e 1 and e 4 or e 5 is zero. The first excited state e 2 has an in-plane dipole matrix element with the e 4 , e 5 , and e 6 states. It is worth noticing that for a 2.2-nm quantum-dot height, the intraband transition between the ground state to the wetting layer state is predicted at an energy close to 150 meV in agreement with the experimental transition energy. 25 
Conduction band
Valence band
The energies of the confined states in the valence band are shown in Fig. 2 as a function of the quantum-dot height. The number of confined states is much larger than that in the conduction band because of the heavier effective mass along the z direction. As for conduction-band intraband transitions, the largest dipole matrix element is associated with the h 1 -h 2 transition ͑3.45 nm͒ and is oriented in the layer plane. Starting from the ground state, the next allowed transition is the h 1 -h 4 transition with a 0.75-nm dipole matrix element along the z growth axis. The h 1 -h 7 transition is z polarized with a 0.36-nm dipole matrix element. Experimentally, this transition is found to dominate the midinfrared absorption spectrum at energies larger than 90 meV. The h 1 -h 8 transition is in-plane polarized with a 0.15 nm dipole length.
III. SECOND-ORDER NONLINEAR SUSCEPTIBILITY
In order to calculate the second-order nonlinear susceptibility, we have assumed a Gaussian size distribution for the quantum dots. The width of this Gaussian is an adjustable parameter and can be fitted to the experimental data to reproduce the intraband absorption linewidth. The normalized quantum-dot distribution is given as a function of the quantum-dot height h by
Energy of the confined states in the conduction band as a function of the quantum-dot height. The aspect ratio ͑height/ diameter͒ is kept constant and equal to 0.1. Above 560 meV, the confined states are hybridized with the wetting layer states. The two-dimensional wetting layer energy is found 40 meV below the GaAs conduction-band edge. The inset shows the quantum-dot geometry. Only the first six states are represented and some states are omitted for quantum-dot height larger than 3 nm. where h 0 is the average quantum-dot height. The secondorder nonlinear susceptibility is calculated under the assumption that the intraband transitions are in close resonance with the incident pump excitation at an energy ប. This situation corresponds to a condition where the double resonance ͑i.e., resonance of the pump and of the harmonic field with intraband transitions͒ can be achieved. Note that when the double resonance is not achieved ͑i.e., only a single resonance is satisfied͒, the susceptibility involves components that are proportional to the mean charge displacement. 26 ,27 These components were not considered in the following. Close to the double resonance, the dominant susceptibility k ji (2) associated with the E i -E j and E j -E k intraband transitions can be written for a given quantum-dot height h:
where e is the electronic charge and ⑀ 0 the vacuum permittivity. N 3D is the three-dimensional carrier density in the quantum dots. The three-dimensional carrier density is obtained by dividing the equivalent 2D population of the dots by the thickness of the deposited InAs ͑two monolayers͒. 29 d i j are the intraband dipole matrix elements corresponding to the E i -E j transition. These matrix elements can be oriented either in the layer plane or along the z direction. The dipole matrix elements, which exhibit a slight variation as a function of the quantum-dot height, are assumed to be constant.
In the absence of experimental data, the homogeneous linewidth ͑half width at half maximum͒ ⌫ i j of the different intraband transitions is taken constant in the following and equal to 0.2 meV.
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The quantum-dot susceptibility is integrated over the quantum-dot size distribution:
The global susceptibility is summed over the different intraband transitions:
In the calculation, only the transitions starting from the ground state are considered, since, as experimentally observed, only this level is intentionally populated. The components of the susceptibility tensor can be estimated for the different polarizations associated with the intraband transitions. In the following, we will restrict ourselves to the components that are experimentally observed and that are dominant, namely, zxx (2) , zzz (2) , and xxz (2) . The parameters chosen for the calculation were deduced from the experimental data: the dot density was 4ϫ10 10 cm Ϫ2 and the doping density was 6ϫ10 10 cm Ϫ2 , either in the conduction or in the valence band. The susceptibility components involving the delocalized states in the continuum are not included in the calculation.
A. Conduction-band susceptibility
The spectral dependence of the second-order nonlinear susceptibility associated with conduction-band intraband transitions is shown in Fig. 3 . The average quantum-dot height is 2.5 nm. The susceptibility has been calculated for two different inhomogeneous broadenings, which correspond to a 20% and a 10% dot size fluctuation ͑full width at half maximum͒. These broadenings correspond to a 12-and a 7-meV linewidth for the e 1 -e 2 intraband transition. Only the e 1 -e 2 and e 1 -e 6 transitions can be involved in the secondharmonic generation process since the dipole matrix element is zero between e 1 and e 4 or e 5 . As mentioned above, the e 1 -e 2 and the e 2 -e 6 intraband transitions are in-plane polarized ͑3.2 nm dipole length͒. The e 1 -e 6 transition is z polarized ͑0.15 nm dipole length͒. The corresponding susceptibility involving these transitions is therefore of the type zxx (2) . As shown in Fig. 3 , the nonlinear susceptibility is highly resonant with a sharp peak around 83 meV. The amplitude of the susceptibility increases as the inhomogeneous broadening is reduced because of a better homogeneity of the quantum-dot size distribution. The full width at half maximum of the susceptibility is similar in both cases. This broadening is determined by the energy dependence of the quantum-dot levels as a function of the quantum-dot size. The key feature, which is shown in Fig. 3 , is the record value of the susceptibility that can be achieved for a reasonable inhomogeneous broadening of the quantum dots ͑10%͒. The susceptibility is predicted to be as high as 1ϫ10 Ϫ4 m/V, i.e., almost six orders of magnitude larger than the bulk GaAs value (1.9ϫ10 Ϫ10 m/V). 31 We underline that this calculated susceptibility is much larger than the highest susceptibilities reported so far for intersubband transitions in quantum wells. Two factors explain this enhancement over the bulk nonlinear susceptibility: ͑i͒ The double-resonance condition between e 1 -e 2 and e 2 -e 6 transitions is achieved for a quantumdot height around 2.5 nm. This situation is the most favorable to achieve large nonlinear susceptibilities since the nonlinear coefficient is in this case inversely proportional to the square of the homogeneous broadening. ͑ii͒ The specific polarization selection rules of the quantum-dot intraband transitions are the second key parameter that explains the giant value of the susceptibility. For example, it is well known that in parabolic quantum wells, the double- resonance condition is achieved; however, the nonlinear susceptibility vanishes since the dipole matrix element between the ground and the second excited state is strictly zero. In quantum dots, the situation is different: it is possible to achieve double-resonance conditions while keeping nonvanishing dipole matrix elements between the intraband transitions ͑dipole length in the nanometer range͒. This feature is a direct consequence of the three-dimensional potential confinement in the lens-shaped quantum dots. We emphasize that the highest value of the susceptibility can only be reached if the double-resonance condition is satisfied. Experimentally, this condition requires one to choose properly the average quantum-dot size that can satisfy this condition ͑2.5 nm height for the present lens-shaped quantum-dot geometry͒.
B. Valence-band susceptibility
In the valence band, the susceptibility has been calculated for quantum dots with an average height of 4.62 nm. This value is larger than that observed experimentally or than that used in the conduction band. However, a comparison between calculation and experimental data shows that the energy of the intraband transitions is overestimated in this single-band effective-mass model. In order to account for this effect, the quantum-dot average height has been adjusted to 4.62 nm in order to fit the h 1 -h 7 intraband transition energy peak to the 110-meV value as experimentally observed. 30 In the following, only the main components of the susceptibility tensor are shown.
zzz "2…
The spectral dependence of the nonlinear susceptibility zzz (2) , which corresponds to z-polarized excitations, is presented in Fig. 4 . Two different broadenings of the dot size distribution are considered ͑20% and 10% dot size fluctuation at full width at half maximum͒. These broadenings correspond to a 36-and a 20-meV linewidth for the h 1 -h 7 transition. For a weak broadening, three resonances can be observed in the midinfrared region. The first peak at 87 meV is associated with the resonance of the harmonic pump with the h 1 -h 12 transitions; the second peak at 107 meV involves the h 1 -h 7 intraband transitions. The third peak at 130 meV corresponds to the resonance between the second harmonic and the h 1 -h 28 intraband transition. All the dominant microscopic mechanisms involve the z-polarized h 1 -h 7 intraband transition. Since the double-resonance condition is not achieved for this polarization, the broadening of the susceptibility remains similar to the broadening of the absorption. Although the susceptibility remains higher than the bulk GaAs susceptibility, the magnitude of the nonlinear coefficient is much lower than that predicted in the conduction band.
zxx "2…
The spectral dependence of the zxx (2) component of the nonlinear susceptibility is shown in Fig. 5 for two different quantum-dot distributions. This susceptibility component corresponds to an in-plane excitation while the secondharmonic polarization is oriented along the z growth axis. For these polarizations, the susceptibility is similar to that calculated in the conduction band. As expected, the susceptibility is dominated at low energy ͑37 meV͒ by the component that involves the transitions between the h 1 , h 2 , and h 4 states. The h 1 -h 2 and h 2 -h 4 transitions have the largest inplane dipole matrix element ͑3.45 and 2 nm, respectively͒. Since the h 1 -h 4 intraband transition is z-polarized, the susceptibility component is of the type zxx (2) as for the case of the conduction band. However, the double-resonance condition is not achieved for these transitions, which explains that the susceptibility remains significantly lower than that calculated in the conduction band. It is worth noticing that this susceptibility remains much larger than that reported in the valence band of quantum wells. 5 A narrow resonance is observed at higher energy ͑137 meV͒. This resonance involves the transitions between the h 1 , h 8 , and h 29 states. The susceptibility value is enhanced in this case because of the double resonance between the pump, the harmonic field, and the intraband transitions. As will be shown below, this resonance has been observed experimentally. Smaller resonances can also be observed around 120 meV and are attributed to the resonance between the pump and the h 1 -h 8 transition and the resonance between the harmonic field and the h 1 -h 12 transition.
xxz "2…
The xxz (2) component of the susceptibility is reported in Fig. 6 for two quantum-dot size distributions. This component involves the z-polarized h 1 -h 7 intraband transition, the in-plane polarized h 7 -h 13 transition and the in-plane polarized h 1 -h 13 transition as the final transition. The susceptibility exhibits two resonances at 91 and 110 meV. Since the double resonance is not achieved between these transitions, the two maxima reflect the resonance between the pump and the h 1 -h 7 intraband transition and the resonance between the harmonic field and the h 1 -h 13 transition.
IV. EXPERIMENT
The experiments were performed using the free-electron laser CLIO. The free-electron laser delivers picosecond optical pulses that are widely tunable in the midinfrared spectral range. The output optical peak powers can be as high as 10 MW, which makes the free-electron laser a very convenient tool to study optical nonlinearities where both high intensities and tunabilities are required.
The investigated quantum-dot sample consists of 40 InAs quantum-dot layers grown by molecular beam epitaxy on GaAs. Details of the quantum-dot structure can be found in Ref. 30 . Briefly, the quantum dots are separated by a 35-nmthick GaAs layer. The quantum dots were grown in the core of a midinfrared waveguide grown on an n-doped GaAs substrate. The p-type quantum dots were modulation doped with boron. Since the dot densities is around 4ϫ10 10 cm Ϫ2 and the nominal doping density 6ϫ10 10 cm Ϫ2 one expects an average concentration of 1.5 carriers per dot.
In the midinfrared region ͑below 14 m wavelength͒, the absorption spectrum of this sample is dominated by the h 1 -h 7 intraband transition, which is polarized along the z growth axis of the quantum dots. The assignment of this absorption is made on the basis of a systematic study of the intraband transitions as a function of the quantum-dot size. 22 A weak h 1 -h 12 intraband transition is also observed at higher energy ͑160 meV͒. This transition is polarized in the quantum-dot layer plane. Third-and second-harmonic generations associated with intraband transitions have been successfully observed in this sample. 30, 32 In the following, we focus on the second-harmonic generation with special attention devoted to the angular dependence of the nonlinear susceptibility.
The measurement was performed at room temperature. The infrared light was injected through the cleaved edge along the ͑110͒ direction of a 3-mm-long sample. The incoming polarization was set either in TM polarization ͑po-larization along the z growth axis of the quantum dots͒ or in TE polarization ͑polarization along the quantum-dot layer plane͒, or it could be freely rotated. The measurement of the susceptibility amplitude was obtained by comparison with the second-harmonic signal generated by a reference sample with undoped quantum dots. In this case, only bulk GaAs ͑i.e., the nonzero zyx (2) susceptibility component͒ generates second-harmonic light. This comparison procedure is described in Ref. 32 . The measured susceptibility corresponds to the susceptibility of the 40-dot layer planes averaged by the overlap factor of the dot planes with the optical mode. In order to extract the susceptibility of one layer plane, the global susceptibility is normalized by the 0.6% overlap factor between the quantum dots and the guided optical mode. This overlap factor is an important parameter, which limits the conversion efficiency. Although the quantum-dot susceptibility is very large, the global conversion efficiency associated with the quantum dots is only one order of magnitude larger than the one associated with bulk GaAs. 32 The spectral dependence of the nonlinear susceptibility associated with intraband transitions is presented in Fig. 7 . The vertical axis corresponds to the susceptibility of one quantum-dot layer. The susceptibility has been measured for two incident polarizations, TM ͑dots͒ and TE ͑triangles͒. Significant differences are observed between both curves. This feature is a direct consequence of the intraband transition polarization selection rules. The susceptibility is characterized by a resonant enhancement in TE polarization with a maximum at 168 meV. Such a narrow resonance is not observed in TM polarization. At peak maximum, the experimental susceptibility for one quantum-dot layer is as high as 2ϫ10 Ϫ7 m/V, which is three orders of magnitude larger than the bulk GaAs susceptibility. The full width at half maximum of this resonance is 7 meV. Two broader resonances are also observed in TE polarization at lower energy ͑125 and 136 meV͒. At these energies, the peak susceptibility is decreased by a factor of 5 as compared to the 168-meV peak susceptibility. Below 90 meV, the susceptibility could not be measured since the transmission of the sample vanishes be- cause of the free-carrier absorption in the doped GaAs layers and the cutoff associated with the waveguide. It was therefore not possible to investigate the susceptibility at low energy.
In TM polarization, the susceptibility exhibits two maxima at 115 and 135 meV. It is worth noticing that the TM-polarized susceptibility, which corresponds to a z-polarized excitation, is much weaker than the TE-polarized susceptibility. We emphasize that no resonances are observed in this energy range for the reference sample with undoped quantum dots. This feature is shown in the inset of Fig. 7 , which shows the spectral dependence of the secondharmonic power for the undoped and p-doped quantum-dot sample. The polarization of the harmonic signal was checked by inserting a polarizer behind the sample. The second harmonic was TM-polarized as evidenced by the cosine square dependence of the signal as a function of the polarizer angle.
We did not observe any saturation of the harmonic conversion in the investigated intensity range. The harmonic power exhibits a quadratic dependence with the pump intensity up to 200 MW cm Ϫ2 . It is worth noting that some of the dipole matrix elements involved in the harmonic-generation process are weak ͑0.1 nm or less͒. An accurate study of the second-harmonic generation saturation in quantum dots would require a nonperturbative approach, which accounts for the population saturation, the ac Stark splitting of the levels, and the detuning of the transitions from the resonance.
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V. COMPARISON BETWEEN THEORY AND EXPERIMENT
The amplitude and the spectral dependence of the quantum-dot susceptibility in TE and TM polarizations can be compared to the calculated values. The purpose of this comparison is not to find a perfect agreement between the energy maxima. In the valence band, this feature is ruled out by the simplicity of the energy-level calculation. Nonetheless, as shown below, a qualitative agreement can be found on the absolute magnitude of the susceptibility along with an agreement on the ratio between the polarized components of the susceptibility.
The comparison between the TM component of the susceptibility and the zzz (2) value is shown in Fig. 8 . zzz (2) represents the largest component of the susceptibility for a z-polarized incident excitation. For the calculation, the quantum-dot size is considered to fluctuate by 10% around the 4.6 nm height. A satisfying agreement is obtained for the spectral shape between both curves. The experimental amplitude of the susceptibility is found larger by one order of magnitude as compared to the theoretical susceptibility. We emphasize that the calculated value is strongly dependent on the values of the dipole matrix elements, on homogeneous broadening, and on the exact numbers of carriers that are involved in the second-harmonic generation process. A discrepancy by a factor of 10 remains therefore reasonable in view of the uncertainty on these parameters. The narrow resonance at 115 meV is related to nonlinear processes that involve the h 1 -h 7 intraband transition. The broader component, which has a peak at 135 meV, is attributed to transitions that involve the h 1 -h 28 intraband transition.
The comparison between the experimental susceptibility measured for a TE excitation and the zxx (2) calculated value is shown in Fig. 9 . Again, zxx (2) features the largest component of the susceptibility tensor for an in-plane excitation. The calculated susceptibility does not account for the susceptibility associated with the h 1 , h 2 , and h 4 states, which exhibits a broad tail towards high energy ͑Fig. 5͒. Experimentally, no signature of this broad tail has been observed. This feature is explained by the fact that the h 1 -h 2 transition is resonant at an energy that is lower than the calculated one. 34 The resonant peak at 168 meV is attributed to the resonant process involving the h 1 -h 8 a lower energy ͑137 meV͒. The discrepancy between these two values is explained by the fact that for the present set of parameters ͑quantum-dot diameter, geometry, in-plane effective mass,. etc.͒, the h 1 -h 8 transition is predicted to occur at 140 meV, whereas it is experimentally observed at 160 meV. Nonetheless, the comparison between theoretical and experimental susceptibility is a direct demonstration that doubleresonant second-harmonic generation has been achieved in the quantum dots. As for the case of TM polarization, a discrepancy ͑factor of 10͒ between the experimental and the theoretical amplitudes is observed. This discrepancy originates mainly from an underestimation of the dipole matrix elements, which is more pronounced for the levels lying close to the wetting layer and from an overestimation of the homogeneous broadening.
We can also observe that the calculated susceptibility that corresponds to the TE excitation remains higher than the zzz (2) susceptibility. A comparison between the susceptibilities measured in TM and TE polarizations shows a similar behavior.
At this stage, it is worth noting that nonlinear optics are being used to investigate the electronic structure of quantum dots. Although the number of confined states is large, only a limited number of intraband transitions contribute significantly to the nonlinear susceptibility. It is also worth noticing that a single-band effective-mass model that accounts for the quantum-dot geometry gives a satisfying description of the confined energy states for interpreting the nonlinear experimental data.
VI. CONCLUSION
In conclusion, we have presented a theoretical calculation of the second-order nonlinear susceptibility associated with intraband transitions in self-assembled quantum dots. The quantum-dot energy levels have been calculated by solving the three-dimensional Schrödinger equation for a quantumdot lens-shaped geometry. Both conduction-and valenceband susceptibilities have been investigated. Giant values of the susceptibility were predicted in the midinfrared spectral range. This enhancement over the bulk susceptibility results from the nanometer-scale dipole matrix elements of the intraband transitions and the achievement of double resonance condition between the pump, the harmonic, and the intraband transitions. Since in-plane polarized and z-polarized intraband transitions are allowed in quantum dots, the secondorder susceptibility is not only restricted to z-polarized components, as is the case for intersubband transitions in the conduction band of quantum wells. The calculations are supported by the experimental measurement of the susceptibility in the midinfrared region for TM-and TE-polarized excitations. A satisfying agreement is observed between the experimental and theoretical values. This work shows that quantum dots and in particular self-assembled quantum dots are good candidates to obtain record values of nonlinear susceptibilities.
